HOMOMORPHISMS OF COMPLEXES VIA 
HOMOLOGIES 

Intan Muchtadi-Alamsyah 
Abstract 

By Rickard's work, two rings are derived equivalent if there is a tilting 
complex, constructed from projective modules over the first ring such 
that the second ring is the endomorphism ring of this tilting complex. 

In this work I describe, under some conditions, the homomorphism 
space in the derived category between two complexes as iterated pull- 
back of homomorphism spaces between the homologies of the com- 
plexes. 

Introduction 

In 1989, J.Rickard and B.Keller j^j have given a necessary and suffi- 
cient criterion for the existence of derived equivalences between two rings. 
Rickard's theorem says that for two rings A and T the derived categories 
D^{A) and D^{T) of A and F are equivalent as triangulated categories if and 
only if there exists an object T in D^{A), named tilting complex, satisfying 
similar proprieties as those of a progenerator and such that T is isomorphic 
to the endomorphism ring of T in D''{A). 

To determine a priori the endomorphism ring T of a tilting complex over 
a given ring A is difficult. Hence it seems to be important to get an overview 
of all possible F by a simpler way than to calculate the endomorphism ring 
directly. 

One possibility is to try to describe the endomorphism ring of tilting 
complexes via the endomorphism ring of the homologies of the complexes. 
The aim of this paper is to describe the endomorphism ring of complexes, 
more generally, the homomorphism space between two complexes as pull- 
back of homomorphism spaces between their homologies. 

S.Konig and A.Zimmermann |^ have used this approach to describe the 
endomorphism ring of a 2-term tilting complex with torsion free homology 
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over a Gorenstein order A over a complete local Dedekind domain R (see 
§37] for the relevant definitions). 

Klaus Lux, in a private communication with A.Zimmermann, asked 
whether there exists a generalization of the above result for n-term com- 
plexes. We present here the description of HomDb(^\^{T, S) for two n-term 
complexes T and S over an algebra which is not necessarily an order and 
the homologies need not be torsion free. 

For n = 2, we generalize Konig and Zimmermann's result. In the absence 
of their assumpsions, the mapping : HomDb(^j>^^{T, S) —^ Hom\{W~^^T, H'^^^S) 
is not surjective in general; however, the image of ^* can be described ex- 
plicitly. This will give us explicit pull-backs. 

The case where HomDb(^/^-^{T, S) is i?-torsion free is interesting. Even 
though we don't assume that the right-most homologies are i?-torsion free, 
we can replace them by their torsion free parts if the homologies are torsion 
modules except at the ends of the complexes. In this case Homj^b{^f^-^{T, S) is 
the pull-back of Im{xp^) and Hom£,b(^jy^{H'^T /tors, H^S/tors). In particular 
for S = T a tilting complex and A a symmetric order, Homj^bi^f^^{T,T) is 
i?-torsion free by 8, Theorem 1] . Recall that a symmetric order is an order 
which is a symmetric algebra jH]. 

The paper is organized as follows. In section 1 we give the definition of 
derived categories and we review the Rickard's Morita Theory for derived 
equivalence. In section 2, we describe Hom^b(^/^^{T, S) as iterated pull-back 
of homomorphism spaces between their homologies. The image of ip"^ and 
more explicit pull-backs will be explained in section 3. We will explain the 
torsion free Hom-spaces case in section 4. At the very end we give examples 
where the main result applies. 

Acknowledgement I wish to thank Alexander Zimmermann for many 
discussions and for correcting this paper and also for having introduced me 
to derived categories. 

1 Review of derived categories 
1.1 Category of complexes 

Let A be an associative ring with 1 and denote by A — mod the category 
of finitely generated left A- modules. A complex X in A — mod is a se- 
quence of finitely generated A-modules {X^)k£z and morphisms (a^)fcgz in 
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{HomA{X\X''+^))kez 

such that a^~^a^ = for all /c G Z. 

For two complexes X and Y, a morphism of complexes (p : X \s & 

sequence {^^)k& of morphisms ip^ : X^ — > Y'' such that 

for all k ^ "L. With these definitions we form the category of complexes of 
finitely generated A-modulcs C(A). 

The shift functor [i] is an endofunctor from C(A) to itself where the image 
of a complex X is another complex X[i\ such that 

X\if = X^+^ and a^[,] = 

For a complex X in C(A) we define 

ij'=(A:) = Ker{a\)/Im{a^^^) 

and we called the k-th homology of X. We note that 

H^{X) C xV/m(a^-^) = Coker{a^£^) for all /fc G Z. 

The category A — mod embeds into C(A) by identifying a finitely gener- 
ated A-module M with a complex with homology M concentrated in degree 
1. We denote by C^{K) the full subcategory of C(A) consisting of bounded 
complexes, i.e the complexes X where X^ = for all A; << and all A; >> 0. 

1.2 Derived categories and derived equivalences 

The objects of -D^(A), the derived category of A, are complexes 

fc 

p — . . ^ pk pk+l ^ . . 

of finitely generated projective left A-modules P'', k such that 

P*^ = for all A; » and H''{P) = for all A; « 0. 

If P and Q are such complexes, morphisms </? and from P to Q are said to 
be homotopic if there is some family of morphisms h'^ : P^ ^ Q^~^, k E 7, 
such that 

h'^a'^Q^ + a''ph^+^ = / - ^''^ for ah A G Z. 
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This is an equivalence relation, and, by definition the equivalence classes 
form the morphisms from P to Q in D'^{A). 

The category A — mod (resp. C^{A)) embeds into D^{A) by choosing for 
each module (resp. each bounded complex) a fixed projective resolution, 
which can then represent the module (resp. the complex) in D^(A). 

For two complexes X and Y in D^{A) and A; G Z, we identify 
Homjjb^j^){X,Y[k]) with Ext'l{X,Y) (P', Lemma 2]). 

The derived category D^{A) is not necessarily an exact category. How- 
ever, it is triangulated (0 Lemma 2.2.3]). To each X and Y in D^{A) 
and each morphism if : X ^ Y in D^{A), we associate the mapping cone 
(C(v3), ac'(^)) where for all A; G Z, 

c((^)'= := x^+^ey'^ 
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and the standard triangle 

X ^Y ^ C{^) X[l]. 

A triangle in D'^(A) is a sequence 

X ^Y Z X[l] 

isomorphic to a standard triangle, i.e. such that Z is isomorphic to C{ip) in 
i:'*(A) Proposition 2.5.3]. 

Denote by A — per the full subcategory of D^{A) consisting of the perfect 
complexes, i.e complexes P of finitely generated projective modules where 
P^ = for all /c << and all /c >> 0. Rickard ^ and Keller have given 
a necessary and sufficient criterion for the existence of a derived equivalence 
between two rings A and T. 

Theorem 1.1 (Rickard and Keller J^) The derived categories D^{A) 
and D^(T) are equivalent as triangulated categories if and only if there is a 
complex T in A — per such that 

^/^/0, 



1. Homj^b(^^){T,T\i]) = ^ ^ if i = 

2. the smallest triangulated subcategory generated by direct summands of 
finite direct sums of copies ofT, inside A— per, contains A as a complex 
concentrated in degree 1. 

A complex T satisfying the condition 1 for z 7^ and the condition 2 is called 
a tilting complex for A. 
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2 Description of Homjjb(^/^^{T^ S) via homologies 

Let Rhe a. commutative ring and A an i?-algebra. Let T and S be complexes 

T=(0^P1^P2^..."-^'P"^0) and 
5 = (0 ^ ^ Q2 ^ . . . gn ^ 0) 

of projective A- modules and Q*, with homologies concentrated in 
degree 1, ■ • • , n. For all i G {1, • • • , n — 1}, we define T* and to be the 
following quotient-complexes of T and S respectively 

r = (0 ^ Im{a') ^ P^+i ^ • • • ^ 0) 

= (0 ^ /m(/3*) ^ Q*+i ^ • • • Q" ^ 0). 
We denote by := T, 5° := S. 
Theorem 2.1 If for all i G {I, ■ ■ ■ ,n — 1}, 

Homp,{Coker{a')Jm{l3')) = HomA{Im{a'),Coker{p')) = 

= Ext\{Coker{a'),WS) = Homx{Coker{a'), Q') = 0, (1) 



then the diagram 



HomA{H'+^T,H'+^S) Homijt^A){Coker{a'+^), H'+^ S[2]) 

is a pull-back diagram for each i G {0, 1, • • • , n — 2}. 
Remarks 

1. The condition ^ holds for i = because = = and Coker{a^) = 
pi is projective. 

2. Recall that = T and = S, so that the theorem presents Horrij^b^^f^-^ (T, S) 
as an iterated pull-back of homomorphism spaces between H'^^^T and 
i/*+iS for alH G {0, 1, • • • , n - 1}. 

3. In general, the mapping ip'^ is not surjective. We will determine the 
image of V'* in section 2. 
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4. If is a Dedekind domain with K = Frac{R) and A is an i?-order, 
i.e. an i?-algebra finitely generated projective as i?-module such that 
K (Sir a is a semisimple K-algehra, then 

Hom[^{Coker{a'),Q'') = imphes Homf^{Coker{a''),Im{j3'')) = 0. 

We abbreviate for any two complexes X and Y of A-modules 
{X,Y) := Homj:)(A)iX,Y), Exf{X,Y) = Ext\{X,Y) and 

ipo{X,Y) := y5 : 6 e {X,Y)}. 

For all i S {0, 1, • • • ,n — 1}, we denote by L* := Coker{a^) and by 6* the 
inclusion H'+^T ^ L\ 

Lemma 2.2 For all i G {0, 1, • • • , n — 2} there exist triangles in D^{A) 
T H'+^T[-i + 1]-^ r [1] and 

where is T and is S. 
Proof We will show that 

H'+^T[-i] ^ r ^ ^ H'+^T[-i + 1] 

is a triangle in D^{A). 

The map : H^^^T[—{\ —* T* is induced by the inclusion W^^T ^ 
Coker{a^). The mapping cone of (t)* is the following complex : 

^ Keria'^^) ^ ^ . . . ^ o 

which is isomorphic to T^'^^. Hence, the above sequence is a triangle. 
Similarly, W+'^S[-i] ^ S' ^ S'+'^ H'+'^S[-i + 1] is a triangle in D^A). 
The result follows from the axiom (TR3) in [31 Theorem 2.3.1]. □ 

From now on we assume that for all i G {1, • • • , n — 1}, 

HomA{Im{a'), Coker{(3')) = HomK{L\Im{l3^)) = 

and HomA{L\Q') = 0. (2) 
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The assumption Ext^{U, WS) = will be only needed for Lemma 12.91 

Let us fix an i € {0, • • • , n — 2} for the rest of this section and if i > 
we denote by 

, pO ^ pi ^ ^ pi-l _^ Q 

the first terms of a projective resolution of Ker{a^)[—i + 2], and by 

^ pO ^ pi ^ . . . ^ pi—l ^ pi ^ g 

the first terms of a projective resolution of Ker{a'^^^)[—i + 1]. 

We use similar notation for projective resolutions of Ker[[3'^)[—i + 2] and 
i^er(/3^+^)[-i + 1] (with P replaced by Q). 

Lemma 2.3 1. We have {T\H'+^ S[-i+l\) = id and {T\ S'+^[-l\) = 
2. There exists a short exact sequence 

^ {T\ W+^S[-i]) ^ {T\S') ^ {T\ 5*+^) ^ 0. 
Proof We have a triangle 

gi ^ gi+i ^ H'+^s[-i + 1] ^ S'[l] 

to which we apply (T*, — ) and which then gives rise to a long exact sequence 
part of which looks as follows: 

> {T\S'+\-l]) ^ {T\H'+^S[-i]) ^ 

^ {T\ S') ^ {T\ 5^+1) ^ (r , W+^S[-i + 1]) ^ • • • (3) 

Proof of 1 : 

(a) {T\W+^S[-i + l]) = 

For 2 = 0, the result follows from the fact that is concentrated in 
degrees 1, • • • ,n, whereas the projective resolution of //^^[l] is in 
degrees 1, • • • , n. 

For i > 0, a morphism in (T*, W^"^ S[—i+l]) is given by a commutative 
diagram 

^ pi— I ^ pi ^ pi+1 ^ . . . y pn ^ Q 

^ W+^S 
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The morphism P* H''"^^S factors through the cokernel of 
P*) which is Im{a'^). Hence we get 



where is the inclusion Im{a^) p*+i and 

f o {P'+\H'+^S) = {fip : ip G {P'+\H'+^S)} C {Im{a'),H'+^S). 

Since {Im{a'), H'+^S) C {Im{a^),Coker{P')) = we get 
(T\i/*+i5H + 1]) = 0. 

(b) {T\S'+^-l]) = 0. 

Any such morphism is given by a commutative diagram as follows : 

^ Im{l3'+^) ... Q"-i ^ 

As the left-most square commutes, the morphism — > /m(/?*"'"^) 
factors through L*"*'"'^. By assumption @, (L'"*"^, Im(/3*^"'^)) = 0, hence 
we may assume that the homomorphism — > /m(/3*+^) is 0. 
Now since (L-', Q^) = for all j G {i + 2, ■ • • , n — 1}, we can apply 
an analogous argument to the homomorphisms P^^^ — >■ for all 
j G {i + 2, • • • , n - 1}. We therefore obtain {T\ S'+'^[-l]) = 0. 

Proof of 2 : The result follows immediately from 1 applied to the long exact 
sequence ©. □ 

We denote by ■ ■ ■ pi-2 _^ pt~i ^ pi ^ q ^i^q ^j-g^ terms of a 
projective resolution of H^~^^T[—i + 1]. 

Lemma 2.4 We have 

1. {H'+^T[-i + l],S^+^) = 0, 

2. {W+^T[-i],S'+^) = 0, 

3. (T\5*+i) ^ (r*+\5*+i). 
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Proof We apply (—,5'*+^) to the triangle 

r ^ r+i ^ w+^T[-i + 1]^ r [1] 

and get a long exact sequence part of which looks as follows: 
> {H'+^T[-i + 1], 5^+^) ^ (r+\ 5*+^) ^ 

^ (r , 5*+^) ^ (/7*+ir[-f], 5^+1) ^ • • • (4) 

1. {H'+'^T[-i + l],S'+^) = 0. 

Given such a morphism, we get a commutative diagram 

... ^ pi-i ^ pi ^ 

... ^ Q*-i ^ gi ^ gm ^ . . . ^ gn ^ q 

Now, the morphism P* — > factors through the kernel of the mor- 
phism Q*"*"^, hence through its projective cover Q^^^. An analo- 
gous argument shows that for all j < i, the homomorphism — > 
factors through Q^~^ . Hence the chain map represented in the diagram 
above is homotopic to zero. 

2. (/7*+ir[-i],5*+i) = 0. 

Again, such a morphism is given by a commutative diagram 



pi—l _ 


^ pi - 









i 


i 


i 






Q' - 






•• ^ - 






With the same argument as in 1, the homomorphism P* Q'"^^ 
factors through and the homomorphism Q^~^^ for all j < i 

factors through . Hence the chain map in the diagram above is 
homotopic to zero. 

3. By applying 1 and 2 to the long exact sequence @, we obtain 



Corollary 2.5 From Lemma \2.'J\ and Lemma \2.4\ we get that 

^ (r , H'+^s[-i]) ^ {T\ s') ^ ^ 

is a short exact sequence. 
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Lemma 2.6 1. Ext\lm{a'+^), S) = W^'^ S[2]). 

2. The mapping W^^T ^ induces a short exact sequence 

O^l'o {L\H'+^S) ^ {W+^T,W+^S) ^ H'+'^ S[2]) ^ 

Proof Apply {—,W^^S) to the exact sequence 

^ H'+^T ^ V ^ /m(a^+^) ^ 
to get a long exact sequence part of which is : 

^ {Im{a'+^),H'+^S) ^ {L\ W+^S) ^ (5) 
^ {H'+^T,H'+^S) ^ Ext^{Im{a'+^),W+^S) ^ Ext\L\H'+^S) ^ • • • 

Proof of 1 : Ext^{Im{a'+^),W+^S) = , H'+^ S[2]) since /m(a*+i) is 
the first syzygy of U. 
Proof of 2 : 

(a) Ext^{L\H'+^S) = 0. 

For i = 0, Ext^{L^,H^S) = since = P^ is projective. 
For i > 0, the hypothesis {Im{a^) , Coker{(3''')) = implies 
{Im{a'),H'+^S) = and therefore Ext^{U , H'+^ S) = 0. 

(b) The kernel of (W+'^T, W+^S) ^ H^+^ S[2]) is the image of 
{L\H'+^S) {H'+^T,H'+^S) and this one is l' o {L\W+^S). 

From 1, (a), (b) and the long exact sequence ©, we obtain the exact se- 
quence ^ i'o{L\H'+^S) {H'+^T,H'+^S) ^ {U+\H'+'^S[2]) ^ 0. □ 

Lemma 2.7 1. We have 

(a) {T^+^,W+'^S[-i]) = Ext^{U+^,H'+^S) and 

(b) {T^+\W+'^S[-i + l]) = {U+\W+'^S[2]). 

2. There exists a short exact sequence 

^ Ext\L'+\ H'+^S) {T\ W+^S[-i\) ^ l' o {L\ H'+^S) 
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Proof We apply {-,H^'^^S[—i]) to the triangle 

^ H'+^T[-i + 1] T[l] 

to get a long exact sequence 

> {H'+'^T[-i + l],H'+^S[-i]) ^ {T'+\H'+^S[-i]) ^ {T\H''+^S[- 

^ (i7*+ir[-i],/f^+i5H]) ^ (r+i[-i],i/^+isH]) ^ ••• (6) 

Proof of 1 : 

A morphism T^+^ W'^^ S[—i] gives rise to a commutative diagram 

J, pi~l ^ pi ^ + 1 p'i+^ ^ ... ^ pn ^ Q 

^ i^^+ifi" 

and the morphism ^ Z/'+^S" factors through Coker{a^) which is 
Im{a'^^^). Hence, denoting the embedding /m(Q*"^^) p«+2 ]-,y j^+i^ 
we have 

(rj.i+1 TTi+iq\ ■^\_ {I 'ni{a'-^^) , H'^^ S) TTi+iq\ 

(b) {T^+^[-l],K'+'^S[-i]) = {T^+\W+'^S[-i + l]) = {U+\ff'+'^S[2]). 
A mapping T*^"'^[— 1] — > W'^^ S[—i] is given by a commutative diagram 

i i 7 i 

^ ^ 

Again, 7 factors through Coker(a^~^) = Im{a^). Hence, denoting the 
embedding Im{a^) ^ \yy ^ have : 

From LemmaHSl we get Ext^{Im{a^+^),W+^S) = [U+^ , H'-+'^ S[2]) . 

Proof of 2 : It is clear that 

{H''+^T[-i + l],H'+^S[-i]) = Ext-\H'+^T, H'+^S) = 0. (7) 

The image of {T\ S[-i]) {W+^T,W+^S) is the kernel of 

{W+^T,H^+^S) ^ {L\W+'^S[2]) which is l' o {L\W+^S) by Lemma ITKl 
The result follows from 1, (jT)), and the exactness of Q 
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Lemma 2.8 The morphism T* — > T*"*"^ gives rise to an exact sequence 

^ {T'+\S') iT\S') ^ {W+^T,W+^S). 
Proof We apply (— , 5"*) to the triangle 

^ W+^T[-i + 1]-^ T[l] 
to get a long exact sequence part of which is 

> {H'+^T[-i + 1], 5^) ^ (r+\ 5') ^ (r , 5') ^ 

^ (/7^+ir[-i],5*) ^ ^ ••• 

1. {H'+'^T[-i + l],S') = 0. 

For i = 0, the result follows from the fact that is concentrated in 
degrees l,---,n whereas the projective resolution of //^T[l] is in 
degrees 1, • • • , n. 

For i > 0, any morphism in (W'^^Tl—i + 1], S^) is given by the com- 
mutative diagram as follows : 

... ^ pi-i ^ pi ^ 

•■■ ^ ^ Q' ^ ^ ••• ^ ^ 

With the same argument as in the first part of the proof of Lemma 
EUapphed to and , for all j <i,we get 

{H'+'^T[-i + 1], S') = 0. 

2. (/7*+ir[-i],5*) = (F*+ir,//*+i5). 

We have a long exact sequence 

> {H'+^T[-i],S'+^[-l]) ^ (7/'+irH],/f'+i5[-i]) ^ 

coming from applying {H^^^T[—i], — ) to the triangle 

By Lemma|231 (i?*+ir[-i], S^+i [-1]) = and 

{W+'^T[-i], S'+^) = 0. Hence, {H'+^T[-i], S') = {W+^T, H'+^S). 
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We obtain an exact sequence 



^ (T+\S') ^ {T\S') ^ {H'+^T,H'+^S). 



□ 



Remark We will give an example in section 5 f Example 15. 2p which shows 
that (T*, 5*) {W~^^T, H^~^^S) is not surjective in general, i.e. the mapping 

{H'+'^T[-i],S') {T+^[-l],S') is not always 0. 

Lemma 2.9 If Ext^{U^^ , S) = 0, then the morphism 5*+-"^ gives 
rise to an exact sequence 

Proof Applying (T*"*"^, — ) to the triangle 

gi ^ gi+i ^ H'+'^s[-i + 1] ^ 
we get a long exact sequence 

> {T+\H'+'^S[-i]) ^ {T+\S') ^ (r+\5'+^) ^ 

^ {T+\H'+'^S[-i + l]) ^ ^ ••• 

From Lemma 12.71 and our hypothesis we get 

{T'+\H'+'^S[-i]) = Ext\V+\H'+^S) = 0. 

Now (T'+^,H''+'^S[-i + l]) = {U+'^,H'+'^S[2]) by LemmaOand the result 
follows. □ 

PROOF OF THEOREM!^: 

As a consequence of Corollary 12.51 Lemma 12.61 Lemma 12.71 Lemma 12.81 
and Lemma 12.91 we get the following diagram 



^ {T\H'+^S[-i]) {T\S') {T'+\S'+^) 

^ l'o{L\H'+^S) {W+^T,W+^S) {U+^,W+^S[2]) 

i 
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Using the identification {T\S'+'^) ^ (r*+\5*+^) shown in Lemma ESI 
and the hypothesis {Im{d^), Coker{(3^)) = 0, it follows that the bottom right 
square of the diagram is commutative. Similarly, the bottom left square is 
commutative. 

If Ext^{U+^,H'+^S) = 0, then {T\ H'+'^S[-i]) ^ o {L\W+^S) and 

the snake lemma gives the isomorphism (T*+^, 5"*) ^ (T*+^, 5"*) in the above 
diagram. 

This fact and the exactness of the horizontal sequences give us, for all 
i G {0, 1, • • • , n — 2}, the pull-back diagram 

i i 

Theorem 12. II is now proved. □ 

Remark In fact, the snake lemma shows that (T'^~^^,S'^) (r*+-'^,5*) is 
surjective. If i? is a noetherian ring, a surjective endomorphism of a noethe- 
rian module is an isomorphism. Hence Ext^(U^^ , H^'^^S) = 0. But we have 
already used Ext^{L'^~^^ , H^~^^S) = to establish the right vertical exact 
sequence. 

3 More explicit pull-backs 

In the previous section, we got the pull-back diagrams 

i ^ 
for alH G {0, 1, • • • ,n - 2}. 

In this section, we will determine the image of V'N for all i G {0, 1, ■ • • , n — 2}. 

We denote for alH G {0, 1, • • • , n - 2}, 

A' := Im{i;') = Ker[{H'+^T, H'+^ S) ^ (T+\S'[l])]. 

For all i G {0, 1, • • • ,n — 2}, we denote by the inclusion H^'^^T ^ 
Coker^a^), by the composition L* — > /m(a*^^) — > and by and 
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(T^ the corresponding mappings for S. We remark that aj, = a^, = (3^, 
and Lj, = l'. 

Lemma 3.1 For all i e {0,1, ■■■ ,n — 2}, we have : 

is the set of all G {W'^^T , W'^^ S) such that there exists a sequence 

f +2, • • • , 7") G {Coker{a'), Coker{(J')) x Q'+^) x • • • x (P*^, Q") 

satisfying 

J. if ig — LrpJ , 

2. = f7^7^+2, and 

3. for allje{i + 2,---,n- 1}, = a^7-^+^ 

Proof We denote by the projective cover mapping Ker{a^'^^), 
by e* the mapping irer(a*"'"^) — > W'^^T, and by a' the mapping P' — > P*+i 
(we remark that e° = id). 

We have the following diagram : 

^ pi— I J. pi 2^ pi+1 " "'^ pi+2 > . . . > pn—l ^ ^ri ^ q J^i+l 

^ iJ'+^T ^ iJ'+iT 

J, J, (pi J, J, 

^ ^ H'+'^S 

^ Coker{p') ''I^' Qi+3 ^ , ^ ^'[l] 

If € A' then v?' G {H'+\H'+\S) and 

1. there exists a mapping 7*+^ : P*+i ^ Coker{(3^) such that 

<^^eV'4 = "Y^^ and 

2. there exists a sequence (7-')jg{j+2,-,n-i} 7"' : P-^ — >■ Q-^ where 

(a) f = a^+17^+2 and 

(b) for all J G + 2, • • • , n — 1} we have 7-' /J-' = a-' 7-^+^. 
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Since {Im{a^),Coker{P^)) = 0, there exists 7*+^ e {Coker{a^),Coker{P^)) 
such that 

f+i = vrY+\ ^h's = iW^' and f+^a}, = aW^\ 
where vr* is the mapping — > L*. This finishes the proof of the lemma. □ 

Hence an element of is a mapping W^^T — > Z/'+^S" which induces a 
homomorphism between the complex 

H'+^T ^ Coker{a') ^ ^ . 

and the complex 

jji+ig ^ CokeriP') Q'+^ ^ Q". 

Moreover, for S = T, A'^ has a multiplicative stucture as a subring of 
{H'+^T, H'+^S) for ah i G {0, ■ • • , n - 2}. 

We denote for alH G {0, • • • , n — 2}, 

:= Ker((r+\i/^+iS[2]) ^ (r+\ 5'[1])). 

We remark that if i? is a Dedekind domain and A is an i?-order, 0* is an 
i?-torsion A-module and K iSir 0* = where K = Frac{R). 

Lemma 3.2 For all i G {0, 1, • ■ • , re — 2}, there exists a short exact sequence 

Proof From Lemma [2.6l and the definitions of and Jl* we get the following 
commutative diagram. 



1 i 
A -U 

i pi i /i' 
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The restriction of r/* to is the map p'^ : ^ fi* such that /j't/* = /3*77*. 
Hence 

Ker{p') C o{L\H'+^S). 
On the other side, /.* o (L*,i/*+^S') C In fact, v^x^ = v^ff'^^ = 0, hence 

there exists (/.^ o {L\H'+^S) A' such that = 

Since z^* is injective, so is (j)"^. Therefore Ker{p^) = o {U,H'^^^S) and this 
finishes the proof of the lemma. □ 

By Theorem 12. II and Lemma 13.21 we get more expHcit pull-backs. 
Proposition 3.3 For all i G {0,1, ■ ■ ■ ,n — 2}, 

i , i 

A' ^ 

are pull-back diagrams. 
Remark We get morphisms 

: HomDb^j^){T,S) HomA{W+^T, H'+^ S) 

for alH G {0,l,---,n-2}. As Hom^b^jy){T\ S') ^ Hom^b^^^{T^+\ S'+^) 
is surjective for all i € {0, 1, • • • , n — 2}, we get ImiTi^) = A^. Hence Lemma 
12.81 describes the cokernel of as a submodule of Hom^b(^/^^{T'^~^^[—l], 5*). 

4 Torsion free Hom-spaces 

In this section we assume that the i?-module Homj^b(^\-j{T,S) is i?-torsion 
free and the homologies of T and S are i?-torsion modules except in degrees 
1 and n. We will see that Homjyb(^\^{T, S) is the pull-back of A^ defined in 
section 2 and H om\{H"'T / tor SjH^S/ tors). 

For all i € {1, • • • , n — 2}, we define the i?-torsion part of (T*, S'*)to be 
t{T\ S') = {ipe {T\ S') : there exists r € i?, r / r.ip = 0}. 
Let ^ : (T^, S) — > (T^, S^) be the mapping defined in Lemma ITUl 
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Lemma 4.1 We have t{T^ , S'^) n ^{{T\ S)) = 0. 

Proof Since (T, S) is i2-torsionfree, so is {T^, S), as it embeds into (T, S). In 
particular ^((T^, 5)) is also i?-torsionfree since ^ is injective, while t{T^, S^) 
is i?-torsion. □ 

We denote by 9 : (T^, S^) — > 17'^ the mapping defined in Proposition 13.31 
and 6' := d\t{T^,s^)- 

Lemma 4.2 The mapping 9' : t(T^,S^) —>■ Im{9') is bijective. 

Proof The surjectivity is clear, and the injectivity results from Lemma l4. II 
□ 

The mapping 9 induces 9 : ^^j,^ im(e') ' where 

9{f + t{T\S^)) = 9{f) + Im{9'). 

Lemma 4.3 The mapping 9 is surjective and Ker{9) = (T^, S). 

Since 9 is surjective, so is 9. It is not difficult to show that Ker{9) is 
^'^ 'iIt^s^)^ ^ ^^^^ Lemma HHI we can identify this with (T^, S). 

As a consequence, we get a pull-back diagram 



1 i 



{T\S) 



(T^.S)+t(T^,T^) 



i i 

^ tiT\S') {T\S') ^ 

- /m(0') ^ f^o ^ ^ 

i i 




From Lemma 13.31 we have the following diagram : 

(r,5) ^ {T\S') 



(8) 



i i 

^° ^ (9) 
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We compose the diagrams (jSJ and Q to obtain the following diagram where 
the two small rectangles are pull-backs and where the kernels of the vertical 
mappings are isomorphic : 

{T,S) {T^,S^) —5- t(T^^s^) 

■1' ■i' J' 

^° - 

Corollary 4.4 The composition of diagram ^ and diagram ^ is also a 
pull-back : 

i i 

AO ^ n° 

^ ~^ Im(B') 

Lemma 4.5 We have {T\ S^)/t{T\ S^) ^ {H"T, H"S)/t{H"'T, H'^S). 

Proof Fix an i € {1, • • • ,n - 2}. Let ^ : {T\ S') (r*+\ 5*+^) be the 
mapping defined in Lemma 12.51 and let := ^i). 
We have the following diagram : 



i- o 



{L\W+^S) A 











i 




i 


t{T\S') 






i C 




i V 






i A 




i r 



{T\S')/t{T\S^) (r^+\5*+i)//m($') 

i i 


Since C,^t = ^'ut = 0, there exists 

6 : {T\S')/t{T\S') ^ (r+\5*+i)//m($') 

such that = \5. Since ^ and r are surjective, so is 5. 

The kernel of 5 is [^^{i'o{L\ H^+'^ S))+tlT\ S')\/t{T\ S^). Since {W+^T, W 
is i?-torsion, so is ^(i* o [U,W~^'^S)), hence Ker{5) = 0. This implies 

{T\S')/t{T\S') ^ (r+\5*+^)//m($')- 
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Since Im{^') C t(T*+^, S'^'^^), we get a surjective mapping 

{T\S')/t{T\S') ^ {T'+\S'+^)/t{T'+\S'+^) 

whose kernel is t{T'+^,S'+'^)/Im{^'). 

This kernel is formed by i?-torsion elements while {T\ S^)/t{T\ S^) is 
i2-torsionfree. Hence t(T'^, S^) = Im{^'), and we get 

{T\S')/t{T\S'') ^ {T'+\S'+^)/t{T+\S'+^) 

for alH G {1, • • • ,n - 2}. 

As a consequence, {T\ S^)/t{T\ S^) ^ (r"-\ 5"-i)/t(r"-\ S^-^), and 
since T""^ = Coker{a^) = H"-T and S"""^ = Coker{P'') = H'^S, we obtain 
{T^,S^)/t{T^,S^) ^ {H''T,H''S)/t{H''T,H''S). □ 

Lemma 4.6 {H''T,H''S)/tors ^ {H'^T /tor s^H^'S /tors). 

Proof We denote by L := if^T, M := H'^S, and by and tM the torsion 
parts of L and M respectively. We have : 

1.0^ (L, tM) (L, M) {L, M/tM) ^ is an exact sequence. 

We apply (L, -) to the exact sequence ^ tM ^ M ^ M/tM 
to get 

^ {L,tM) {L,M) -> {L,M/tM) Ext^iL,tM) • • • (10) 

Since {Im,{a''),tM) C (/m(a"),M) = 0, we have Ext^{L,tM) = 
and the statement holds. 

2. {L, M/tM) ^ {L/tL, M/tM). 

We apply {—,M/tM) to the exact sequence ^ tL ^ L ^ L/tL ^ 
to get 

^ (L/tL, M/tM) (L, M/tM) {tL, M/tM) ^ ■■■ 
Since {tL,M/tM) = 0, we get {L,M/tM) = {L/tL, M/tM). 

3. tiL,M) = {L,tM) 

First we need that t{L,M) C {L,tM). In fact, if <y9 G t{L,M), there 
exists an r G i? — {0}, such that np = 0. Hence there exists an r such 
that for ah / G L, r(p{l) = 0. This implies that for all I G L, (p{l) G tM. 

On the other hand, if / G {L,tM) and x e L, f{x) G iM i.e there 
exists an r G i? — {0} such that rf{x) = 0. Since L is finitely generated, 
there exists an s G -R — {0} such that sf = 0. Therefore, / G t{L, M). 
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By 1,2, and 3, the rows of the following diagram are exact : 

^ {L,tM) (L,M) ^ {L/tL,M/tM) 

^ t{L,M) {L,M) {L,M)/t{L,M) 

and this proves the lemma. □ 

From Corollary 14.41 Lemma 14.51 and Lemma 14.61 we get the following 
pull-back 

i i 

40 , no 

^ ~^ Im{e') 

We have just proved the following theorem 
Theorem 4.7 // for all i ^ {1, ■ ■ ■ ,n — 1}, 

Ext\V+^ , H'+^T) = HomA{L\Q') = HomA{L\Im{(3')) = 
= HomAiIm{a'),Coker{P')) = 0, 

the R-module Homj^bf^A){'^^S) ^-^ R-torsion free and WT and are R- 
torsion for all i € {2, • • • , n — 2}, then, we get the following pull-back diagram 

HomDb(A)iT,S) HomA{H'^T/t[H'^T),H'^S/t{H'^S)) 
i i 

^ ~^ Im{e') 

where is formed by those morphisms of HomA^H^T, S) that induce 
morphisms in Hom£)(^A){T , S) and = A9 /{l^ o {P^,H^S)). 

Remarks 

1. If i? is a Dedekind domain, A is a symmetric order, i.e. an i2-order 
which is also a symmetric algebra, and S" = T is a tilting complex, then 
-ffom£)i,(y\^j(T, T) is an i?-order by Theorem 1], hence i2-torsionfree. 

2. If for alH G {1, • • • , n - 2}, the iZ-modules Homob^A){T\ S') are R- 
torsionfree, we can get ffom£,6(^)(T*, S**) as pull-back 

{T\S^) (T*+i,5*+i)/t(T*+i,5*+i) 
i i 
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where A^/tA^ is the i?-torsionfree part of vl*. But even though A is 
symmetric, Hom^b(^jy^i{T^ , S^) can be i?-torsion, as is showed in Exam- 
ple 15.11 with n = 2, S = T and = Coker{a). 



3. For i = 0, Ext^[U^^ , W'^^ S) = is automatic, because we have the 
inclusions Ext^{L^,H^S) ^ {T,H^S) ^ {T,S) by Lemma IT71 and 
Lemma 12.81 and {T,S) is an iZ-torsionfree A- module. 

5 Examples 

We will give some examples demonstrating how to use Theorem 12.11 We 
use rings A which are orders and we take S = T. The presentations of A in 
Example 15 . II and Example 15.21 can be found in [7] or in [3 section 4.4]. 

We abbreviate (X, Y) := Homot(^^){X, Y) and Ext^{X, Y) := Ext\{X, Y) 
for two complexes X and Y. 

Let K be Frac{R) and A be an iZ-order. Let Xir " , Xm be the irre- 
ducible characters of K ®ii A. Then we write Li for a A-lattice L such that 
K <SiR A acts on K L as Xi- 

Example 5.1 Let R be the 5-adic integers Z5, and n = Rad{R) =< 5 > . 
Let A be the iZ-order 



where the indices indicate the characters involved in the indecomposable 
projective modules. Then, by [7], A is Morita equivalent to BqCI.^S^), the 
block principal of the group ring of the symmetric group of degree 5 over 
the 5-adic integers. 




i,Ci,di G R,5\{di - aj+i),5|ci 



which we write (see (Zj or section 4.4]) as 




Let 
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By definition, the characters of Pq are xi and X2, those of Pi are X2 and XS; 
those of P2 are X3 and X4; and those of P3 are X4 and X5- 
Let T be the complex Ti © r2 © T3 : 

Ti : ^ Pi©P3 ^ ^ 

© © 

Ts : ^ Pi©P3 ^ 

© © 

73:0^ Po ^0 

The complex T is a tilting complex according to the proof of Lemma 
5.L2]. 

We define a = (a, 0,0) and observe that End\{Ker{a)) decomposes as 
a direct product of two rings : 

.^3 



R R/ IT 

TT R IT 

5 \ R R R 



P4' ( ^ ^ ) e I TT p ^ I 



If the mapping ^ defined in LemmaEjHJwas surjective,then since End\{Coker{ 
is an P-torsion module, we would get Endjjb(^j^^{T) = End\{Ker{a)) which 
is decomposable. This is impossible. Hence, if) cannot be surjective. 
In fact, Endjjb(^/^^{T) = is the ring : 

R r/ TT 
TT R TT l^Ri 

R R R 




where the congruence P2 — P5 is a consequence of the congruence in P2. 

Example 5.2 Let P be the 7-adic integers Z7, the 7-adic integers, tt 
Rad{R) =< 7 >, and let A be the P-order 



'P p \ j>P P ^ J-r^ ^ J-r^ ^ 

TT R'lK TT R'lK TT R'jX TT R'j \ TT R 



'P 
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By [7j A is Morita equivalent to BqIZ-^S^), the block principal of the group 
ring of the symmetric group of degree 7 over the 7-adic integers. 



Let T be the complex 



- 


PoePo 

e 


(«,0) 




© 











£ p 







e 




^ P2 © A © 


© 

^ 





where Pi, P2, P3, Pa, and P5 are projective A- modules : 





and the indices indicate the characters involved in the modules. 

We define by a := {{a, 0), 0, 0) and (3 := (0, /3, 0). 
Since {Im{a), Ker{a)) = {Im{(3), H'^T) = 0, we get 

Ext^{Coker{a),Ker{a)) = Ext^{Coker{P), H^T) = 0. 

Let be the complex 

^ Im{a) ^ P2 © P4 ^ P3 ^ 0. 

V P2 © P4 © P5 / V / 

By Theorem 12.11 End£,b(^i^-^{T^) is a pull-back of End\{H'^T) and 
EndA{Coker{P)) over Ext'^{Coker{P), H^T). 

The mapping {Coker{(3), Coker{(3)) —>■ Ext'^{Coker{/3), H'^T) is induced 
by Ker{(5) H^T and this is multiplication by an r G R. 
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Hence, 9^ is injective, and 
where : {T\T^) {H'^T,H'^T). In fact, = Im{ijj^) is the following 



ring : 




R R/ R\ 

TT R R7 
TT TT K / g 

where the congruence of R3 — Rq comes from the one in P3. 

Now, Endi)b(^j^^(T) is a pull-back of End\{Ker{P)) and Endjjb(^x){T^) 
over 

The only non-zero component of Exf^{Coker{a), Ker{a)) is R/ir, which 
gives the congruence Ri — R3. Hence, EndDb(^/^-j(T) is the following ring : 




Remarks 

1. The complex T is a tilting complex. If ip'^ : (T^T^) {H'^T,H'^T) 
was surjective, we would get {T^,T^) = {H'^T, H'^T) which is decom- 
posable and this would impliy that (T, T) is decomposable, which is a 
contradiction. Hence, in this case, ip'^ cannot be surjective. 

2. Nevertheless, the mapping -0° : {T,T) {H^T,H^T) is surjective. 
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